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Abstract: The present paper follows our previous work in which a coupling approach of smoothed particle hydrodynamics (SPH) 
and element bending group (EBG) was developed for modeling the interaction of viscous incompressible flows with flexible fibers. It 
was also shown that a flexible object may experience drag reduction because of its reconfiguration due to fluid force on it. However, 
the reconfiguration of deformable bodies does not always result in drag reduction as different deformation patterns can result in 
different drag scales. In the present work, we studied the bending modes of a flexible fiber in viscous flows using the presented SPH 
and EBG coupling approach. The flexible fiber is immersed in a fluid and is tethered at its center point, while the two ends of the 
fiber are free to move. We showed that the fiber undergoes four different bending modes: stable U-shape, slight swing, violent 
flapping, and stable closure modes. We found there is a transition criterion for the flexible fiber from slight swing, suddenly to 
violent flapping. We defined a bending number to characterize the bending dynamics of the interaction of flexible fiber with viscous 
fluid and revealed that this bending number is relevant to the non-dimensional fiber length. We also identified the critical bending 
number from slight swing mode to violent flapping mode. 
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Introduction  
Fluid-structure interaction is one of the key topics 
in fluid mechanics. The dynamics of a flexible object 
in a fluid is fundamentally important in engineering 
and sciences[1-3]. An object moving through a viscous 
fluid experiences a drag force due to its interaction 
with the fluid. Newton originally studied the drag 
force acting on an object with the fluid flows around 
it[4]. For a rigid object, the drag force is proportional 
to the square of the relative velocity of the object to 
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the fluid at large Reynolds numbers. However, for a 
flexible object that can bend in the flow direction, the 
drag may increase slower than the square of the velo- 
city because of the reconfiguration of the object cau- 
sed by fluid forces[5-7]. Drag reduction with flexible 
objects can be frequently observed in plant growth[5,8], 
animal movement[2,9], and even in vehicle design[10]. 
The reduction in drag on a flexible body is due to the 
reconfiguration of the body, as the reconfiguration 
makes the frontal area facing the flow become smaller 
and makes the shape of the body more streamlined 
with smaller drag coefficient. Therefore, how a flexi- 
ble fiber changes its shape while moving in viscous 
fluids is critical for drag reduction. 
According to Yang et al.[11], the bending modes 
of the center point-tethered flexible fiber in a viscous 
flow can be identified as: the U-shaped mode, the fla- 
pping mode, and the closed mode. Many literature 
have been focused on the U-shaped mode and the 
corresponding drag scaling law, including experime- 
nts[6,7] and numerical modeling[12]. However, the drag 
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scaling law for different bending modes may be diffe- 
rent[11], but few of literature was focused on the ben- 
ding modes of flexible fibers in viscous fluids and the 
transition between the bending modes. 
In our previous work[11], the classification of the 
bending modes of a flexible fiber in a fluid is a little 
bit oversimplified as the free end of the flexible fiber 
can lead to more detailed patterns. Therefore, in the 
present work, we focus on the deformation patterns of 
the flexible fiber as the drag reduction is closely rela- 
ted to the deformation patterns of the fiber. The prese- 
nt paper will extend the bending modes and find the 
corresponding transition criteria. 
A coupled method[11,13,14] of smoothed particle 
hydrodynamics (SPH)[15,16] and element bending group 
(EBG)[17] is used to model the interaction of viscous 
fluids with flexible fiber. SPH particles are used to 
model the viscous fluid flow governed by Navier- 
Stokes equations, and EBG particles are used to model 
the dynamic movement and deformation of flexible 
fibers. The interaction of the neighboring fluid (SPH) 
and fiber (EBG) particles renders the interaction of 
fluid and flexible fiber[11,14]. In numerical simulation, 
the flexible fiber is immersed in a fluid and is tethered 
at its center point, while the two ends of the fiber are 
free to move. 
 
 
1. Numerical method 
The interaction of flexible fiber and viscous flow 
is very complex. In order to model the process of fle- 
xible fiber interacting with fluid flow, the SPH method 
is applied to simulate fluid flow, while the EBG me- 
thod is applied to simulate the flexible fiber. 
 
 
 
 
 
 
 
Fig.1 Sketch of the computational settings. The midpoint of the 
fiber is fixed in the midline of the channel, while the two 
ends of the fiber are free to move 
 
1.1 Problem set-up 
The computational setting for the modeling of 
fiber-fluid interaction is shown in Fig.1. A one-dimen- 
sional flexible fiber is immersed in a two-dimensional 
viscous fluid channel. The midpoint of the fiber is 
fixed in the midline of the channel, while the two ends 
of the fiber are free to move. The system is initially at 
rest, and then the fluid is driven by a body force g . 
The upper and lower boundaries are solid walls. The 
left and right boundaries are flow inlet and outlet. 
They are treated as periodic boundary condition. A 
layer of porous media is deployed in the inlet area to 
remove wave energy and vortices from the exit area 
and makes the inlet velocity uniform. 
 
1.2 Methodology 
A brief introduction of the numerical method used 
in this paper is given in this section. For more details 
about the SPH-EBG method, please refer to [11,13,14]. 
In SPH method, fluid is replaced by a set of parti- 
cles, which possess individual material properties. The 
SPH particles move according to fluid governing con- 
servation equations and they also act as the computa- 
tional frame for field variable approximations. The 
SPH equations for viscous fluid can be written in the 
following form 
 
d =
d
a
b ab a ab
b
m W
t
ρ
⋅∇∑ u                       (1) 
 
2 2
d = + +
d
a a b
a b a ab
b a b
p pm W
t ρ ρ
 
− ⋅∇ 
 
∑u g  
 
2 2
( + ) +
( + 0.01 )
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b a b ab a ab ab
ab
b ba b ab a
m W
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ρ ρ
⋅∇∑ ∑r Fu       (2) 
 
where =ab a b−u u u , =ab a b−r r r , =ab abr r , the sub- 
scripts a  and b  indicate the particles. The term 
20.01h  is added to prevent singularities of the viscous 
term when two particles approach each other infinitely. 
The last term IabF  is an artificial inter-particle force 
acting on particle a  due to particle b , and it has the 
following form 
 
+ 1.5= cos
2
I a b ab
ab ab ab
ab
m ms r
kh r
π 
 
 
rF , abr kh≤     (3a) 
 
= 0IabF , abr kh>                          (3b) 
 
where abs  is the strength of the force acting between 
particles a  and b . 
In order to calculate pressure, the following equa- 
tion of state[18,19] is used 
 
2
0( ) = ( )p cρ ρ ρ−                           (4) 
 
where 0ρ  is a reference density, c  is a numerical 
speed of sound. 
The flexible fiber is modeled by using the EBG 
method. An EBG is made of two adjacent line segme- 
nts connecting three neighboring particles. The ben- 
ding moments on the segments are transformed to pairs 
of forces acting on particles[11,13,14,17]. 
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According to Newton’s second law of motion, 
the equation for a flexible fiber particle can be written 
as follows 
 
d = + + +
d
B Dm
t
u T F F g                     (5) 
 
where T  denotes the tension acting on a fiber parti- 
cle from adjacent fiber particles, BF  denotes the ben- 
ding force due to EBG bending moment, DF  deno- 
tes the fluid force. 
The tension is defined as 
 
0
0=
ab ab ab
ab
ab ab
r rEA
r r
− rT                         (6) 
 
where E  and A  are the Young’s modulus and the 
cross-sectional area of the fiber, respectively. 0abr  is the 
reference distance between fiber particles a  and b . 
The bending force is defined as 
 
2=
B a ba
ab
bar
×M rF                              (7) 
 
where aM  denotes the moment acting on particle a . 
In implementing the fluid-fiber interaction, the 
SPH particles and EBG particles are treated as neigh- 
boring particles which contribute in the SPH approxi- 
mation. The contribution of EBG (fiber) particles to 
the approximation of SPH (fluid) particles leads to the 
force on fluid particles from fiber and the contribution 
of fluid particles to the approximation of fiber parti- 
cles produces force on fiber particles from fluid. 
Therefore EBG particles can be regarded as a special 
type of SPH particles. On one hand, EBG particles 
interact with neighboring EBG particles with tension 
and bending forces. On the other hand, they have SPH 
approximation with contribution from neighboring 
fluid (ordinary) particles and also contribute in SPH 
approximation of neighboring fluid particles. 
 
 
2. Bending modes 
The shape of the flexible fiber changes during its 
interaction with surrounding fluid and the reconfigura- 
tion of the fiber is closely related to the flow velocity. 
Figure 2 shows four typical bending modes of a fle- 
xible fiber with gradual increase in the flow velocity: 
(a) the U-shaped mode, (b) the swing mode, (c) the 
flapping mode, and (d) the closed mode. In the case 
shown in Fig.2, the length ( )L  and bending rigidity 
( )EI  of the fiber are 0.05 m and 0.001 Jm, respecti- 
vely. The density ( )ρ  and kinetic viscosity ( )m  of the 
fluid are 1 000 kg/m3 and 0.004 Ns/m2, respectively. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.2 Four typical bending modes of a flexible fiber and the 
flow structures behind the fiber at different flow velo- 
cities. The color shows the angular velocity of SPH parti- 
cles 
 
It is shown in Fig.2 that when the flow initiates, 
the fiber begins to bend and forms a streamlined U 
shape–like the letter “U” (Fig.2(a)). The U-shaped 
mode maintains when the flow velocity is less than 
about 1 m/s. When the flow velocity increases to 
around 1 m/s-2.5 m/s, the fiber bends more, also basi- 
cally in a U-shape, but its two free ends begin to osci- 
llate slightly due to vortex shedding (Fig.2(b)). With 
further increase in the flow velocity to 2.5 m/s-4 m/s, 
the fiber suddenly flaps violently with large amplitude 
(Fig.2(c)). The flapping of the fiber is also caused by 
vortex shedding with much stronger influence. This is 
similar to a flag flapping in wind. At last, both free 
ends of the fiber overlap and form a closed shape, like 
a tadpole (Fig.2(d)). 
Figure 3 shows the -y coordinates of the two 
free ends of the fiber ( 1y  and 2y ), the profile lengths 
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in the flow direction ( )Lx  and the direction perpen- 
dicular to the flow ( )Ly , as functions of flow velocity. 
The length and bending rigidity of the fiber are 0.05 m 
and 0.001 Jm, respectively. The density and kinematic 
viscosity of the fluid are 1 000 kg/m3 and 0.004 Ns/m2 
respectively. It is shown in Fig.3 that transitions occur 
from slight swing to violent flapping at flow velocity 
around 2.5 m/s and from violent flapping to closure at 
flow velocity around 4 m/s. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.3 The -y coordinates ( 1y  and 2y ) of the free ends and 
the profile lengths of the fiber in x  direction ( )Lx  and 
y  direction ( )Ly  varying with flow velocity. The inset 
shows the transition from slight swing to large flapping 
 
Both the swing mode and the flapping mode are 
caused by vortex shedding. However, the amplitude of 
the flapping mode is much larger than that of the 
swing mode, as shown in Fig.3. Another difference 
between these two modes is that at the swing mode as 
shown in Fig.2(b), the whole fiber swings around the 
fixed point of the fiber as a simple pendulum, while at 
the flapping mode as shown in Fig.2(c), the two free 
ends of the fiber flap around different points, some- 
where between the fixed point and the free end of the 
fiber. 
In the flapping mode, the fiber moves violently. 
A very likely reason is that resonance occurs, that is, 
the frequency of the vortex shedding is very close to 
the flapping frequency of the fiber. The fluid drag 
force on the fiber also increases quickly as the fla- 
pping amplitude of the fiber increases. Therefore, the 
amplitude does not continue to increase when it rea- 
ches a certain level. 
 
 
3. Transition criteria 
It is clearly shown in Fig.3 that there are two 
transition points between the bending modes. The first 
point is the transition from the swing mode to the fla- 
pping mode (around the velocity of 2.5 m/s) and the 
second is the transition from the flapping mode to the 
closed mode (around the velocity of 4 m/s). 
It is reasonable that the bending mode of the fle- 
xible fiber is up to its ability to bend and the fluid 
force acting on it. Hence a non-dimensional number is 
defined as 
 
3 2
2 = L U
EI
ρδ
η                              (8) 
 
where ρ  and U  are the density and average velo- 
city of the viscous flow, respectively, δ , L  and EI  
are the thickness, length and bending rigidity of the 
fiber, respectively. η  was referred to as the non- 
dimensional flow speed[6]. However, as the fluid drag 
acting on a fiber is proportional to 2LUρδ  and the 
bending force of the fiber is proportional to 2/EI L , 
2η  is actually the ratio of the drag force to the ben- 
ding force. Therefore η  is herein defined as Bending 
number, which can be used to characterize the ben- 
ding dynamics of a flexible fiber interacting with vis- 
cous fluids. Like the Reynolds number in characteri- 
zing viscous flows, this bending number can be used 
to judge the similarity of systems with interacting vis- 
cous fluid and fibers. In another words, for two syste- 
ms of interacting viscous fluid and fibers, if the ben- 
ding number is the same, the corresponding flow pa- 
tterns should be the same. 
It is also straightforward to define another para- 
meter, non-dimensional length, as 
 
= Lx
L
λ                                    (9) 
 
which is the ratio of the profile length in flow direction 
( )Lx  to the whole length of the fiber ( )L . It also re- 
flects the bending degree of the flexible fiber. If assu- 
ming the fiber to be incompressible and inextensible, 
λ  is expected to be equal to 0 when the fiber do not 
bend at all and approaches 0.5 when the fiber is totally 
folded about its center point. 
By using these two non-dimensional numbers, it 
is feasible to further investigate the bending dynamics 
and the mode transition for a system with interacting 
viscous fluid and fibers at different scenarios. Figure 4 
shows the critical parameters λ∗  and η∗  at which 
the flexible fiber flaps with large amplitudes as a fun- 
ction of fiber length, bending rigidity, and fluid den- 
sity. The fluid densities of Cases (a)-(d) are all        
1 000 kg/m3. The fiber bending rigidities of Cases (a), 
(b), (e) and (f) are all 0.001 Jm. The fiber lengths of 
Cases (c)-(f) are all 0.04 m. It is shown in Fig.4 that 
when the violent flapping state of flexible fibers app- 
ears, λ  and η  are about 0.44 and 28, respectively. 
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Fig.4 The critical bending numbers ( )η∗  and non-dimensional profile fiber lengths ( )λ∗  for the transition from slight oscillation to 
large flapping versus fiber lengths ( )L , fiber bending rigidities ( )EI  and fluid densities ( )ρ  
 
Therefore the transition criterion for the flexible fiber 
from the swing mode to the flapping mode is λ∗ ≈  
0.44 or 28η∗ ≈ . 
As both λ  and η  can characterize the bending 
degree or bending dynamics of a fiber in a fluid-fiber 
flow system, it is possible that there exists some kind 
of link between them. A simple analysis shows that 
λ  increases as η  increases: the increase of η  means 
that the fluid drag force on the fiber increases when 
the bending force of the fiber keeps unchanged, thus 
the fiber bends more when η  increases, while λ  in- 
creases as the fiber bends more. Further studies reveal 
that λ  and η  are inherently related. By fitting the 
data from numerical simulation, we can obtain the 
following empirical formula for a flexible fiber in the 
U-shape state 
 
2= arctan( )C βλ aη
π
                       (10) 
 
where a  and β  are parameters, and max( ) =C λ≤  
0.5. If the fiber is folded in half, λ  is equal to 0.5. 
However, because the bending rigidity of the fiber is 
larger than zero, the flow cannot fold it totally in half. 
There is always a circle near the fixed center of the 
fiber, as shown in Fig.2(d). Therefore, λ  is less than 
0.5 and C  is also less than 0.5. For most of the cases 
in our simulations, the value of C  is about 0.46. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.5 Comparison of fitted function and numerical data: non- 
dimensional profile fiber length ( )λ  versus non-dimen- 
sional flow velocity ( )η . The solid lines are numerical 
data, and the dash lines are fitted curves 
 
The comparison of fitted function and numerical 
data of four different cases are shown in Fig.5. For the 
case in Fig.5(a), the fiber length is 0.03 m, the fiber 
bending rigidity is 0.001 Jm, and the fluid density is   
1 000 kg/m3. For the case in Fig.5(b), the fiber length 
is 0.04 m, the fiber bending rigidity is 0.0001 Jm, and 
the fluid density is 1 000 kg/m3. For the case in 
Fig.5(c), the fiber length is 0.05 m, the fiber bending 
rigidity is 0.001 Jm, and the fluid density is         
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1 000 kg/m3. For the case in Fig.5(d), the fiber length 
is 0.06 m, the fiber bending rigidity is 0.001 Jm, and 
the fluid density is 3 000 kg/m3. Figure 5 shows that 
Eq.(10) agrees with numerical data very well. If the 
value of λ  approaches C , the fiber will flap viole- 
ntly and later form a closed shape. 
 
 
4. Conclusion 
In this work, the bending dynamics of flexible 
fibers are investigated numerically by using a particle- 
based model, in which SPH and EBG is coupled for 
modeling the interaction of viscous fluids with flexi- 
ble fibers. During the fiber-fluid interaction process, 
the fiber exhibits four different bending modes, name- 
ly, the stable U-shape mode, the slight swing mode, 
the violent flapping mode, and the final closed mode. 
The bending dynamics of a flexible fiber can be cha- 
racterized using a bending number, which reflects the 
ratio of the drag force to the bending force. The tran- 
sition criterion for the flexible fiber from the swing 
mode to the flapping mode is 0.44λ ≈  or 28η ≈ . It 
revealed that the bending number is inherently related 
to the non-dimensional fiber length, through an empi- 
rical formula. 
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